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Abstract

The Mindlin plate theory, which accounts for shear deformation effects, is employed to
ensure accurate modeling of moderately thick plates. This paper investigates the
efficiency of various dynamic relaxation methods for the elastic analysis of Mindlin
plates. The main objective is to evaluate the advantages of twelve different relaxation
schemes. The distinctions among these approaches lie in the determination of artificial
parameters such as damping and mass, which are essential for the convergence of
dynamic relaxation. The study focuses on assessing these methods based on numerical
stability, convergence rate, and computational efficiency. Several Mindlin plate
examples with diverse geometries and boundary conditions are solved to compare the
performance of different dynamic relaxation techniques. Given the variety of the
analyzed cases, the obtained results can serve as benchmark problems for Mindlin plate
analysis. Key criteria, including the number of iterations required for convergence and
the total computational time, are recorded for each method. The results reveal
significant variations in efficiency among the twelve algorithms, with some exhibiting
rapid convergence while others require considerably more iterations. A comprehensive
ranking based on these computational metrics is established to identify the most
efficient and robust techniques for practical applications. Furthermore, the study
demonstrates the sensitivity of dynamic relaxation convergence to the selection of
artificial parameters. Numerical results indicate that the Underwood method is
efficient in terms of analysis time, while the minimum residual energy scheme achieves
the fewest iterations for Mindlin plate analysis.
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1- Introduction

The DR method is an explicit iterative technique
used to solve static equilibrium problems by

converting them into fictitious dynamic systems.
The general iterative equations for velocity and
displacement are given by:
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where m and c are the diagonal mass and damping
matrices, At is the time step, p is the external load
vector, and f'is the internal force vector. The system
evolves in time until the residual force tends
to zero, indicating convergence to the static
equilibrium solution.
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2- Research Methods

This study presents a comprehensive comparative
analysis of twelve well-known dynamic relaxation
(DR) methods for the elastic analysis of Mindlin
plates. The Mindlin plate theory, which
incorporates transverse shear deformation effects, is
employed to accurately model moderately thick
plates. The primary objective is to evaluate the
computational efficiency, convergence rate, and
numerical stability of these DR techniques, which
differ mainly in their approaches to determining
fictitious parameters such as mass, damping, and
time step. The twelve DR methods compared in this
study are: Papadrakakis [1], Underwood [2], Qiang
[3], Zhang [4], Nodal Damping [5], Rezaiee-Pajand
and Taghavian Hakkak (RPTH) [6], Kinetic
Damping (kdDR) [7], Minimum Residual Force
(MFT) [8], Rezaiee-Pajand and Alamatian (mdDR)
[9] Minimum Residual Energy (MRE) [8], Rezaiee-
Pajand and Sarafrazi (RPS) [10], Zero Damping
(zdDR) [11].

A variety of plate geometries and boundary
conditions were analyzed, including

rectangular, circular, triangular, L-shaped, and

square,

irregular plates, under uniform distributed loads as
well as plates with hole. The performance of each
method was assessed based on the number of
iterations and computational time required to
achieve convergence, with a residual force tolerance
of 10-6.

The scoring and ranking system assigned a rank
from 1 (best) to 12 (worst) for each method in each
example. The total score S;for method iwas
calculated as:

12
S, =100x >0, x (13— j)/ 240 3)

i <
Here, the j” grade of the i technique is denoted by
Q. For example, the kdDR algorithm is ranked first
in one numerical example, based on the number of
iterations. Hence, Qi is 1 for this strategy.
Furthermore, Underwood's technique is ranked
third for the eleven times, according to the analysis
duration. Therefore, Q;; is equal to 11. Number of

structures which cannot be analyzed by using i”
procedure is Qj. For example, the RPTH is not able
to achieve the acceptable error in ten examples. As
aresult, Qi is equal to 10. Note that, methods which
converge to the true answers are inserted into Eq.
(3). It should be noted that if an approach is ranked
first in all the 20 examples, its score is 240.
Consequently, score S; of this scheme is 100.

3- Results

The numerical results reveal significant variations
among the methods. The Underwood and MRE
techniques demonstrate superior convergence and
efficiency across most examples, while the
Papadrakakis and Kinetic Damping methods show
slower performance. For instance, the MRE
algorithm yields the minimum number of iterations
for square and plates,
Underwood’s method exhibits the shortest analysis
time. The comparative ranking of the DR methods
based on averaged performance across all cases is
summarized below:

circular whereas

Table 1: Performance level of methods

Rank Method Performance Level
| MRE (Minimum Excellent convergence,
Residual Energy) very efficient
2 Underwood Fastest analysis time
MFT (Mini F .
3 ( 1nlg1um oree High convergence rate
Technique)
dDR (R hand
4 m ( ezaee.paz an Consistent accuracy
& Alamatian)
5 RPS (Rezaeepazhand & Robust for complex
Sarafarazi) geometries
6 Qiang Moderate performance
7 Zhang Good stability
. Acceptable for small
8 dDR (Zero D
z (Zero Damping) models
9 RPTH Limited convergence
range
10 Nodal Damping Stable but slow
Kinetic D i
11 e (LcdDz;r;lpmg Poor convergence
12 Papadrakakis Lowest efficiency

4- Conclusion

Overall, the comparative study demonstrates that
the choice of artificial parameters—especially
damping and mass—strongly affects the
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convergence and computational efficiency of
dynamic relaxation methods for Mindlin plate
analysis. Among all tested algorithms, the
Minimum Residual Energy (MRE) method
achieved the highest ranking based on the number
of iterations, with the lowest iteration count in 15
out of 20 examples. The Underwood method was
the fastest in terms of computational time. The
Papadrakakis method consistently required the
highest number of iterations and computational
time. Methods such as Qiang, RPS, and mdDR
exhibited similar behavior in terms of iteration
counts across most examples. The study concludes
that the MRE and Underwood methods are the most
efficient for analyzing Mindlin plates using the
dynamic relaxation approach, offering the best
balance between convergence speed and
computational cost.
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